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Abstract
Various assumptions underlying the uniqueness theorems for black
holes are discussed. Some new results are described, and various un-
satisfactory features of the present theory are stressed.
1 Folklore, Conjectures
A classical result in the theory of black holes, known under the name of “no–hair
Theorem”, is the following:
Theorem 1.1 Let (M, g) be a good electro–vacuum space–time with a non–
empty black hole region and with a Killing vector field which is timelike in
the asymptotic regions. Then (M, g) is diffeomorphically isometric to a Kerr–
Newman space–time or to a Majumdar–Papapetrou space–time.
This Theorem is known to be true under various definitions of “good space–
time” (all of which actually imply that it cannot be a Majumdar–Papapetrou
space–time), and the purpose of this paper is to discuss various problems re-
lated to the as–of–today–definition of “good space–time” needed above. Clearly,
one would like to have a definiton of “good space–time” as weak as possible.
Moreover one would like this definition to have some degree of verifiability and
“controllability”, and to be compatible with our knowledge of the structure of
the theory gained by some perhaps completely different investigations.
We shall focus here on uniqueness theory of stationary electro–vacuum space–
times. It is, however, worthwile mentioning that substantial progress has been
made recently in the understanding of various other models. In particular one
should mention various results about uniqueness of perfect fluid models [58, 10],
σ–models [46, 47, 48], Einstein–Yang–Mills solutions [12, 11, 70, 71], and dila-
tonic black holes [57], cf. also [11, 40]. Many of the questions raised here as well
as some of the results presented here are also relevant to those other models.
One of the purposes of this paper is to give a careful definition of “good
space–time” under which Theorem 1.1 holds, let us therefore start with the
1
complete basics. A couple (M, g) will be called a space–time if M is a smooth,
connnected, Hausdorff, paracompact manifold of dimension 4 and g is a smooth
non–degenerate tensor field of Lorentzian signature, say −+++. We shall also
assume that there exists a smooth Killing vector fieldX onM . To the conditions
listed here we shall need to add several more conditions, each of which will be
discussed below in a separate section:
1.1 Non–degenerate horizons vs. bifurcation surfaces
The uniqueness Theorem of Ruback [67] (cf. also Simon [69][Section 4] or
Masood–ul–Alam [56] for some simplifications of the argument, and Carter [19]
and references therein for previous results on this problem) is often referred to
as a uniqueness Theorem for static non–degenerate electro–vacuum black holes.
This description is incorrect and misleading. Recall that given a space–time
(M, g) with a Killing vector field X one defines the Killing horizon N [X ] as the
set of points on which X is null and non–vanishing. [In this definition we do not
assume that X is necessarily timelike at inifinity]. By an abuse of terminology,
a connected component of N [X ] will sometimes also be called a Killing horizon.
It is well known and in any case easily seen that there exists on N [X ] a function
κ, called surface gravity, which is defined by the equation
1
2
∇a(XbXb)
∣∣∣
N [X]
= −κXa . (1.1)
κ is known to be constant over every connected component of N [X ] for electro–
vacuum space–times [7] (cf. also [49] for a simple proof in the bifurcate-horizons
case). A connected component N [X ]a of N [X ] is said to be degenerate if
κ|N [X]a ≡ 0. Let us mention that for Kerr–Newman metrics we have κ 6= 0
as long as M2 > Q2+L2, where M is the ADM mass of the metric, L its ADM
angular momentum and Q the total charge of the electric field. On the other
hand the Majumdar–Papapetrou black holes of ref. [43] (cf. also Appendix B)
have κ ≡ 0 throughout the Killing horizon.
Consider the Schwarzschild–Kruskal–Szekeres space–time (M, g), let X be
the standard Killing vector field which equals ∂/∂t in the asymptotic regions.
Recall that the Killing horizon N [X ] of X has four connected components,
such that the set S[X ] ≡ N [X ] \ N [X ], where N [X ] denotes the topological
closure ofN [X ], is a smooth two–dimensional embedded submanifold ofM . The
Killing vector X vanishes on S[X ]. By definition, such a surface will be called
a bifurcation surface of a bifurcate Killing horizon (cf. [14] for a justification
of this terminology). Thus, given a non–identically vanishing Killing vector
field X , a bifurcation surface is a smooth two–dimensional compact embedded
surface on which X vanishes. If such a surface S[X ] exists, then every connected
component of N [X ] such that N [X ]∩S[X ] 6= ∅ is necessarily a non–degenerate
Killing horizon [14] (cf. also [49]). It follows that the existence of a bifurcation
surface S[X ] implies that of a non–degenerate Killing horizon, but the converse is
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not true in general. A rather trivial example is obtained by removing S[X ] from
a space–time which contains such a surface1. A somewhat less trivial example is
that of any vacuum space–time with a smooth compact non–degenerate Cauchy
horizon with a Killing vector say, spacelike on a Cauchy surface (e.g., the Misner
model for Taub–NUT space–times, or the Taub–NUT space–times themselves
[45]).
It is natural to look for conditions under which the existence of a non–
degenerate Killing horizon does indeed imply that of a bifurcation surface. Some
results in this direction have recently been obtained by Ra´cz and Wald [66], who
have shown that there seems to be no local obstruction to the existence of a
bifurcation surface, when a non–degenerate Killing horizon is present. More
precisely, assuming that the non–degenerate Killing horizon has a global cross–
section (i.e., a two dimensional submanifold which is intersected by every gen-
erator of the horizon precisely once), Ra´cz and Wald show2 that whenever a
bifurcation surface does not exist, then one can make a local extension which
contains one. Recall now that the difference between a local extension and
a “real one” is the following: to obtain an extension of a space–time (M, g)
one constructs a space–time (Mˆ, gˆ) and an embedding i : M → Mˆ such that
i∗gˆ = g and i(M) 6= Mˆ ; for local extensions one considers a subset U ⊂ M ,
and one constructs3 an extension (Uˆ , gˆ) of (U , g|U). The problem here is that
sometimes there is no way of patching (M, g) with (Uˆ , gˆ) to obtain either a
manifold (i.e., Hausdorffness of the resulting topological space might be vio-
lated) or a continuous metric. [For example, extensions where continuity of the
metric and Hausdorffness cannot be simultaneously ensured can be constructed
in the vacuum Einstein class using the polarized Gowdy metrics, exploiting the
asymptotic behaviour of the metric near the t = 0 set described in [30]. Exam-
ples of local extensions in the Killing–horizon–context which cannot be turned
into “real ones” have been constructed by Wald4 (without, however, satisfying
any field equations or energy inequalities).]
We wish to emphasize, that the uniqueness theorems of [67, 69, 56] implicitly
assume5 the existence of a compact bifurcation surface in the space–time under
1 Note that this example shows that Theorem 5.1 of (the otherwise excellent and in many
respects fundamental) Ref. [18] is wrong.
2In our discussion of the results of [66] we assume that the electro–vacuum equations are
satisfied. This hypothesis is not made in [66], which allows for non–constant κ. It is shown
in [66] that such a possibility leads to the existence of a “parallel propagated singularity” of
the curvature tensor.
3In the definition of local extension one sometimes adds some supplementary conditions
on U and Uˆ which are irrelevant for the discussion here, cf. e.g. [45, 65, 8, 33] and references
therein.
4R. Wald, private communication.
5It is far from being obvious that in a general static space–time (M, g) there will exist a
hypersurface satisfying the conditions of [67, 69, 56]. In electro–vacuum it is not too difficult to
show that the conditions of [67, 69, 56] are equivalent to the existence of a bifurcation surface
inM (assuming maximal global hyperbolicity, asymptotic flatness, etc.). [By maximal globally
hyperbolic we always mean maximal in the class of globally hyperbolic space–times.]
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consideration. It must therefore be stressed that the existing uniqueness theory
is that of stationary electro–vacuum space–times with bifurcation surfaces and
not that of stationary electro–vacuum space–times with a non–degenerate hori-
zon. A way of obtaining uniqueness results in the latter class of space–times
would be to prove the following, or some variation thereof6:
Conjecture 1.2 Let (M, g) be a maximal globally hyperbolic, asymptotically
flat, electro–vacuum space–time with Killing vector field X which is timelike
in the asymptotically flat regions. Suppose that (M, g) is not the Minkowski
space–time, let Z be a Killing vector field on M (perhaps, but not necessarily
coinciding with X), and suppose that M contains a non–empty Killing horizon
N [Z]. Then for every non–degenerate connected component N a of N [Z], the
set Sa ≡ N a \ N a (where N a is the topological closure of N a) is a non–empty,
compact, embedded, smooth submanifold of M .
Let us emphasize that no uniqueness results have been established so far
for space–times with a degenerate Killing horizon (κ = 0). [Thus, as of today
the definition of “good” in Theorem 1.1 includes the notion of non–degeneracy.
With that condition the conclusion of that Theorem can clearly be strenghtened
to exclude the Majumdar–Papapetrou black–holes, cf. Theorem 2.4 below.] It
is customary to rule out the degenerate horizons as physically uninteresting, as
their defining property is of unstable character. [Moreover, they can perhaps
be discarded as physically irrelevant by thermodynamical considerations, as κ
is related to some kind of “temperature of the black hole” [7] (cf. also [49]
and references therein).] For the sake of mathematical completeness one would
nevertheless like to have a classification of the degenerate cases as well:
Problem 1.3 Classify all the maximal, electro–vacuum space–times (M.g) sat-
isfying the following:
1. in M there exists a Killing vector field X which is timelike in the asymp-
totic regions;
2. M contains a partial Cauchy surface Σ with asymptotically flat ends which
is a complete Riemannian manifold with respect to the induced metric;
3. there are no naked singularities in J+(Σ); and finally
4. M contains degenerate Killing horizons.
It seems that the only known space–times satisfying the above are those
Majumdar–Papapetrou space–times [55, 63, 43] which contain a finite number of
black holes; the Ve´ron solutions with an infinite number of black holes described
in Appendix B are probably excluded by the condition of absence of naked
6This point has already been stressed by Ra´cz and Wald in [66], and was indeed the main
motivation for the work in [66].
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singularities, cf. Appendix B. One of the difficulties which might arise here is,
that there is no reason for a degenerate Killing horizon to be smooth (note that
(1.1) guarantees the smoothness of the Killing horizon when κ 6= 0 and when
the space–time metric is smooth).
It seems, moreover, that no globally hyperbolic asymptotically flat electro–
vacuum space–times are known which possess a complete Cauchy surface and a
degenerate Killing horizon: In the Majumdar–Papapetrou black–holes analyzed
in [43] the Killing horizon is also a Cauchy horizon for the (complete) “static’
partial Cauchy surfaces t = const. [Note, moreover, that those “static” partial
Cauchy surfaces are not asymptotically flat in the usual sense: in addition to
the asymptotically flat ends they contain ”infinite asymptotically cylindrical
necks”.] On the other hand, those partial Cauchy surfaces which intersect the
Killing horizon cannot probably be complete because of the singularities present.
To close this Section it should be admitted that there is not much evidence
that the Majumdar–Papapetrou space–times play the role advertised in Theo-
rem 1.1. The author bases his belief on the analysis of [42, 41] (cf. also [72]),
where an argument is given that (under some yet–to–be–specified conditions)
for any electro–vacuum space–time we must have M ≥
√
Q2 + P 2, where M
is the ADM mass and Q,P are the global electric and magnetic charges, with
the bound being saturated precisely by the Majumdar–Papapetrou space–times.
The reader should, however, note that the local analysis of [42, 72] should be
complemented by a global one, related to the questions raised above of existence
of appropriately regular space–like surfaces, etc. To the author’s knowledge this
has not been done yet.
1.2 Killing vectors vs. isometries
In general relativity there exist at least two ways for a solution to be symmetric:
there might exist
1. a Killing vector field X on the space–time (M, g), or there might exist
2. an action of a (non–trivial) connected Lie group G on M by isometries.
Clearly 2 implies 1, but 1 does not need to imply 2 (remove e.g. points
from a space–time on which an action of G exists). In the uniqueness theory,
as presented e.g. in [45, 21], one always assumes that an action of a group
G on M exists. This is equivalent to the statement, that the orbits of all the
(relevant) Killing vector fields are complete. When trying to classify space–times
with Killing vector fields, as in Theorem 1.1, one immediately faces the question
whether or not the orbits thereof are complete. It is worthwile emphasizing that
there is a constructive method of producing space–times with Killing vectors,
by solving a Cauchy problem:
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Theorem 1.4 Let (Σ, γ,K,A,E) be initial data7 for electro–vacuum Einstein
equations, let (M, g) be any globally hyperbolic (electro–vacuum) development
thereof. Suppose that there exists a vector field Xˆ defined8 in a neighbourhood
of Σ such that the following equations hold on Σ:{
∇µXˆν +∇νXˆµ
}∣∣∣
Σ
= 0,
{
∇α
(
∇µXˆν +∇νXˆµ
)}∣∣∣
Σ
= 0 , (1.2)
LXˆFµν
∣∣∣
Σ
= 0 . (1.3)
Here ∇ is the covariant derivative of g, L denotes a Lie derivative and Fµν is
the electromagnetic field tensor. Then there exists on M a Killing vector field
X which coincides with Xˆ on Σ.
Remarks:
1. Let us note that eqs. (1.2)–(1.3) are necessary, as they automatically hold
if Xˆ is a Killing vector which moreover leaves the electromagnetic field
invariant.
2. It must be emphasized that equations (1.2)–(1.3) need to hold on Σ only.
[These equations can be thought of as constraint equations for the initial
data for a Killing vector field.] In other words, it is sufficient to satisfy
the Killing equations on Σ to obtain a solution of the Killing equations on
any (not necessarily maximal) globally hyperbolic development thereof.
3. The vacuum equivalent of Theorem 1.4 is well known [61, 35, 28].
4. It would be of interest to obtain an equivalent of Theorem 1.4 for Einstein–
Yang–Mils equations (cf. [2] for some related results).
Proof: Let Xµ be defined as the unique solution of the problem
2Xµ = −RµνXν , (1.4)
Xµ
∣∣∣
Σ
= Xˆµ, ∇αXµ
∣∣∣
Σ
= ∇αXˆµ ,
define
Aµν = ∇µXν +∇νXµ .
From (1.4) and from the Einstein–Maxwell equations one derives the following
system of equations
2Aµν = −2LXRµν + 2Rλ(µAν)λ + 2Rµ
αβ
ν
Aαβ , (1.5)
∇µLXFµν = ∇αFβνAαβ + Fαβ∇αAβν . (1.6)
7Here Σ is a three–dimensional manifold, γ is a Riemannian metric on Σ, K is a symmetric
two–tensor on Σ, A and E are vector fields on Σ. Moreover all the fields are assumed to satisfy
the electro–vacuum constraint equations.
8The vector field Xˆ has been introduced here purely for notational convenience. Alterna-
tively one can rewrite eqs. (1.2)–(1.3) purely in terms of initial data for eq. (1.4) below.
6
Note that because of the Einstein equations the tensor field LXRµν can be
expressed as a linear combination of Aαβ and LXFαβ . The initial data for (1.5)–
(1.6) vanish by (1.2)–(1.3), and the vanishing of Aαβ and of LXFµν follows. 2
Recall now that given a Cauchy data set (Σ, γ,K,A,E) for electro–vacuum
Einstein equations, there exists a unique up to isometry vacuum space–time
(M, g), which is called the maximal globally hyperbolic vacuum development of
(Σ, γ,K), with an embedding i : Σ → M such that i∗g = γ, and such that K
corresponds to the extrinsic curvature of i(Σ) inM [22]. (M, g) is inextendible in
the class of globally hyperbolic space–times with a vacuum metric. This class of
space–times is highly satisfactory to work with, as they can be characterized by
their Cauchy data induced on some Cauchy surface. Moreover, the property of
maximality seems to be a natural notion of completeness for globally hyperbolic
space–times, and it is of interest to enquire about completeness of Killing orbits
in such space–times. Before discussing that question, it seems appropriate to
introduce some definitions:
Definition 1.5 We shall say that an initial data set (Σ, γ,K,A,E) for electro–
vacuum Einstein equations is asymptotically flat if (Σ, γ) is a complete connected
Riemannian manifold (without boundary), with Σ of the form
Σ = Σint
I⋃
i=1
Σi, (1.7)
for some I < ∞. Here we assume that Σint is compact, and each of the ends
Σi is diffeomorphic to IR
3 \ B(Ri) for some Ri > 0, with B(Ri) — coordinate
ball of radius Ri. In each of the ends Σi the fields (g,K,A,E) are assumed
to satisfy the following inequalities (after performing a duality rotation of the
electromagnetic field, if necessary)
|gij − δ
j
i |+ |r∂kgij |+ |rKij |+ |Ai|+ |r∂iAj |+ |rEi| ≤ Cr
−α , (1.8)
for some positive constant C and some α > 0, with r =
√∑
(xi)2.
To motivate the next definition, consider a space–time with some number
of asymptotically flat ends, and with a black hole region. In such a case there
might exist a Killing vector field defined in, say, the domain of outer commu-
nication (cf. the next Section for a definition) of the asymptotically flat ends.
It could, however, occur, that there is no Killing vector field defined on the
whole space–time — an example of such a space–time has been considered by
Brill [15], in his construction of a space–time in which no asymptotically flat
maximal surfaces exist. Alternatively, there might be a Killing vector field de-
fined everywhere, however, there might be some non-asymptotically flat ends in
Σ. [As an example, consider a spacelike surface in the Schwarzschild–Kruskal–
Szekeres space–time in which one end is asymptotically flat, and the second
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is “asymptotically hyperboloidal”.] In such cases one would still like to claim
that the orbits of X are complete in the exterior region. To accomodate such
behavior we introduce the following:
Definition 1.6 Consider a stably causal Lorentzian manifold (M, g) with an
achronal spacelike surface Σˆ. Let Σ ⊂ Σˆ be a connected submanifold of Σˆ with
smooth compact boundary ∂Σ, and let (γ,K) be the Cauchy data induced by g
on Σ. Suppose finally that there exists a Killing vector field X defined on D(Σ)
(here D(Σ) denotes the domain of dependence of an achronal set Σ; we use the
convention in which D(Σ) is an open set). We shall say that (Σ, γ,K,A,E) are
Cauchy data for an asymptotically flat exterior region in a (non–degenerate)
black–hole space–time if the following hold:
1. The closure Σ¯ ≡ Σ ∪ ∂Σ of Σ is of the form (1.7), with Σint and Σi
satisfying the topological requirements of Definition 1.5.,
2. (Σ, γ,K,A,E) satisfy the fall–off requirements of Definition 1.5.
3. [From the Killing equations it follows that X can be extended by continuity
to D(Σ).] We shall moreover require that X be tangent to ∂Σ.
The above definition allows for space–times in which Σ is a surface with
boundary, the boundary in question being a bifurcation surface of a Killing
horizon. The notion of non–degeneracy referred to in definition 1.6 above is
related to the non–vanishing of the surface gravity of the horizon: Indeed, it
follows from [66] that in situations of interest the behaviour described in Defi-
nition 1.6 can only occur if the surface gravity of the horizon is constant on the
horizon, and does not vanish.
The following is a straightforward generalization9 of the Theorem proved in
[29], no details will be given:
Theorem 1.7 Let (M, g) be a smooth, electro–vacuum, maximal globally hyper-
bolic space–time with an achronal spacelike hypersurface Σ and with a Killing
vector X (defined perhaps only on D(Σ)) such that X approaches10 a non–zero
multiple of the unit normal to Σ as r→∞. Suppose that either
1. the data set (Σ, γ,K,A,E) is asymptotically flat, or
2. (Σ, γ,K,A,E) are Cauchy data for an asymptotically flat exterior region
in a (non–degenerate) black–hole space–time.
Then the orbits of X are complete in D(Σ).
9The remaining results of [29] can be similarly generalized to the electro–vacuum case.
10Theorem 1.7 holds true for any Killing vector field, provided that asymptotic conditions
somewhat stronger than those of Definition 1.5 are assumed, cf. [29] for details.
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Consider then a stationary black hole space–time (M, g) in which an asymp-
totically flat Cauchy surface exists but in which the Killing orbits are not com-
plete: Theorem 1.7 shows that (M, g) can be enlarged to obtain a space–time
with complete Killing orbits.
In conclusion, the results presented in this Section show that the hypoth-
esis of completeness of Killing orbits usually made in uniqueness Theorems is
unnecessary, as long as one restricts oneself to maximal globally hyperbolic
space–times with well behaved Cauchy surfaces.
1.3 Asymptotic flatness, stationarity
There are at least three different ways of defining asymptotic flatness:
1. via existence of an asymptotically flat Cauchy surface, or
2. via existence of asymptotically Minkowskian coordinates, and finally
3. using conformal techniques.
More precisely, let (M, g) be an electro–vacuum space–time. We shall say that a
submanifold11 Σˆ with boundary is an asymptotically flat three–end in M if Σˆ is
diffeomorphic to IR3 \B(R) for some R > 0, where B(R) denotes a closed coor-
dinate ball of radius R, and in the local coordinates on Σˆ the fields (g,K,A,E)
satisfy the fall–off conditions (1.8) of Definition 1.5.
We shall say that an open submanifold Mˆ ⊂ M is an asymptotically flat
stationary four–end of M if Mˆ is diffeomorphic to IR× (IR3 \B(R)), and in the
local coordinates on Mˆ the metric gµν , the electromagnetic potential Aµ and
the elecromagnetic field Fµν satisfy (after perfoming a duality rotation of the
electromagnetic field, if necessary)
|gµν − ηµν |+ |r∂igµν |+ |Aµ|+ |rFµν | ≤ Cr−α , (1.9)
∂tgµν = ∂tFµν = 0 , (1.10)
for some constants C,α > 0. Here we have r =
√∑
(xi)2, as before.
Clearly a space–time with an asymptotically flat stationary four–end Mˆ
also contains an asymptotically flat three–end Σˆ and a Killing vector which
is timelike on Σˆ, but the converse needs not to be true. This is due to the
fact that a timelike Killing vector field X defined on Σˆ might asymptotically
approach a null (rather than timelike) Killing vector as r goes to infinity, say
X →r→∞ ∂t− ∂z. An explicit example of such a space–time (not satisfying any
reasonable field equations or energy conditions) can be found in the Appendix A
of [32]. When imposing electro–vacuum field equations such a behaviour seems
11We use the (PDE motivated) convention that a submanifold Σ with boundary does not
include its boundary ∂Σ ≡ Σ \ Σ.
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to be rather improbable. For the sake of completeness of understanding space–
time with Killing vectors which are timelike in the asymptotic regions it would
be of interest to prove the following:
Conjecture 1.8 Let (M, g) be an electro–vacuum space–time with an asymp-
totically flat three–end Σˆ and a Klling vector field X which is timelike on Σˆ.
After performing a boost of Σˆ if necessary, X approaches a non–zero multiple
of the unit normal to Σˆ as r goes to infinity.
The following gives a plausibility argument for Conjecture 1.8: Suppose that
the Killing vector X asymptotically approaches a null vector at io. Under these
circumstances one would expect the ADM four–momentum to be parallel to
the Killing vector,12 hence null. This is, however, not possible when energy
conditions are satisfied [3]. We find it likely that a proof of Conjecture 1.8 can
be given by filling in the details in this argument.
Under the conditions and conclusions of Conjecture 1.8 it is rather easy to
show that M will also contain an asymptotically flat stationary four–end Mˆ ,
provided that the orbits of X through Σˆ are complete (cf. e.g. [32][Appendix
A]). In this case Mˆ can be defined by the equation
Mˆ =
⋃
t∈IR
φt(Σˆ) , (1.11)
where φt is the flow generated by the Killing vector field X . This together with
the discussion of the previous Section shows the equivalence of the ”3 + 1 Defi-
nition” and the ”4–dim Definition” of asymptotic flatness for maximal globally
hyperbolic electro–vacuum space–times with an asymptotically timelike Killing
vector X , modulo the proviso of the validity of the conclusion of Conjecture 1.8.
As far as the conformal approach is concerned, we have the following:
Proposition 1.9 Suppose that an electro–vacuum space–time (M, g) contains
an asymptotically flat stationary four–end Mˆ . Then M admits a conformal
completion satisfying the completeness requirements of [39].
Proof: A bootstrap of the stationary field equations in Mˆ shows that one
can find a coordinate system and an electromagnetic gauge in which (1.10) holds
and moreover the fields satisfy13
|gµν − ηµν |+ r|∂igµν |+ |Aµ|+ |rFµν | ≤ Cr
−1 , (1.12)
The results of Ref. [68] and (1.12) show that Mˆ admits a smooth conformal
completion at io. The Appendix to [34] gives then an explicit construction of
the conformal completion at null infinity. 2
12This result should probably follow by, e.g., a repetition of the analysis of [4].
13In vacuum this observation has been independently done by D. Kennefick and N.
O’Murchadha [51].
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A converse of Proposition 1.9 can be proved again under some provisos,
including the validity of an appropriately modified version of Conjecture 1.8.
Indeed, if the Ricci tensor falls off fast enough (in the sense of the note added in
proof (3) of [6]) in the asymptotic end in question near a connected componentJˆ(
of J( (and this decay probably follows from the peeling property of the electro-
magnetic field) then Bondi coordinates near Jˆ( , and subsequently asymptotically
Minkowskian coordinates near Jˆ( can be constructed. If the Killing vector does
not approach an asymptotically null vector, then this construction gives an
asymptotically flat stationary four–end Mˆ .
We wish to stress that the field equations played a significant role in the
discussion above. Recall that one does not expect a general asymptotically
Minkowskian space–time to admit smooth conformal completions [36, 23, 54,
1, 31]. As shown in Appendix A, the same is true for general asymptotically
Minkowskian stationary space–times when one does not impose any field equa-
tions. When a stationary space–time admits a J( which is merely polyhomo-
geneous rather than smooth, i.e., when the metric has r−j logi r terms in its
asymptotic expansion for large r, various technical difficulties arise when asymp-
totic flatness is defined in terms of a conformal completion and several of the
results discussed in e.g. [45] require reexamination. It follows that the question
of equivalence of the conformal definition of asymptotic flatness with the other
ones requires a case by case analysis for each matter model. All these difficulties
are, however, avoided, when using the definitions of asymptotic flatness based
on existence of appropriate coordinate systems, as discussed above.
It should be noted that the question of definition of asymptotic flatness is
related to that of the definition of the black–hole region. In [45, 18] one considers
connected components J( ±i of J( and one defines the black hole region Bi as
M \J−(J( +i ). Similarly the white hole region Wi is defined asM \J
+(J( −i ), and
the domain of outer communication 〈〈J( i〉〉 is defined as J−(J(
+
i )∩J
+(J( −i ). On
the other hand, in [32] one considers an asymptotically flat stationary four–end
Mi and then the black hole, white hole, etc., are defined as
Bi ≡M \ J−(Mi), Wi ≡M \ J+(Mi) , (1.13)
〈〈J( Σ〉〉 ≡
{
∪i J
−(Mi)
}⋂{
∪i J
+(Mi)
}
. (1.14)
Here the Mi’s are defined as in (1.11), starting from the asymptotic three–ends
Σi of Σ. As discussed in [32], these definitions coincide with the ones based on
conformal completions in vacuum; from what it said here it follows that this is
also true in the electro–vacuum case modulo some provisos discussed above.The
advantage of the conformal definition of black hole, etc., is that it carries over
immediately to the non–stationary cases14.
14Note that the conformal definitions of black hole, etc., still make sense with conformal
completions of poor differentiability. For such completions, however, various properties of B,
etc., should be carefully reexamined.
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2 Two uniqueness Theorems
2.1 The angular velocity of bifurcation surfaces of non–
degenerate Killing horizons
Before presenting a uniqueness theorem for black holes, let us report here the
following unpublished result of Wald which allows us to define the angular ve-
locity for bifurcation surfaces of non–degenerate Killing horizons, and (in the
case of non–vanishing angular velocities) a preferred (non–trivial) Killing vector
Y with periodic orbits (no field equations are assumed below):
Proposition 2.1 Consider a space–time (M, g) with a Killing vector field X
with complete orbits which contains an asymptotically flat stationary four–end
Mˆ . Suppose moreover that there exist inM a compact, smooth, two dimensional
(not necessarily connected) submanifold S with the following properties: for
every connected component Sj, j = 1, . . . , J of S there exists a Killing vector
Zj with complete orbits in M which vanishes on Sj. Then either X coincides
with all the Zj’s, in which case we set Ωj = 0 for all j, or there exists on M a
Killing field Y such that
1. Y commutes with X,
2. Y is complete and has periodic orbits with period 2π, and
3. for each j = 1, . . . , J there exists Ωj ∈ IR such that, rescaling Zaj if
necessary, we have Zaj = X
a +ΩjY
a.
It might be of some interest to note, that the arguments of Wald show moreover
the following:
1. If any connected component of S, say S1, is not diffeomorphic to a torus
or a sphere, then every Killing vector has to vanish on S1 (this has already
been observed in [38]). It follows that in such a case (M, g) can have (up to
proportionality) at most one Killing vector the orbits of which are complete.
2. If any connected component of S, say S1, is diffeomorphic to a sphere, then
either there are at most two linearly independent Killing vectors with complete
orbits in M , or M ′ is static, spherically symmetric, and the asymptotically
stationary Killing vector X vanishes on S.
3. If a connected component of S, say S1, is diffeomorphic to a torus,
then any Killing vector with complete orbits must have periodic orbits on S1;
moreover (M, gab) can have at most two linearly independent Killing vectors
with complete orbits.
Proposition 2.1 can be used as a starting point for a classification of station-
ary space–times with bifurcation surfaces.
The constant Ωi defined in Proposition 2.1 will be called the angular velocity
of the i’th connected component of the black hole.
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2.2 A uniqueness Theorem for black holes
In this Section we shall present a version of Theorem 1.1. The main steps of
the proof are the Sudarsky–Wald staticity theorem [71] (cf. also [70]) and the
Bunting – Masood–ul–Alam – Ruback [17, 67] uniqueness theorem for static
electro–vacuum black holes. Let us start with a Definition:
Definition 2.2 (Condition C1) A quadruple (M, g,X,Σ) will be said to sat-
isfy the condition C1 if (M, g) is a maximal globally hyperbolic electro–vacuum
space–time with electromagnetic field F and if moreover the following conditions
are satisfied:
1. Σ is a simply connected15 spacelike hypersurface in M satisfying the
requirements of Definition 1.6.
2. X is a Killing vector field defined on D(Σ) such that LXF = 0. Moreover
there exist constants αi ∈ IR such that on every asymptotic three–end Σi of Σ
we have (after performing a Lorentz “boost” of Σi if necessary)
X
∣∣∣
Σi
→r→∞ αin , (2.1)
where n is the unit future directed normal to Σ. We shall normalize16 the αi’s
so that α1 = 1.
3. For every connected component ∂Σa of ∂Σ there exists a Killing vector
Za defined on D(Σ) which vanishes on ∂Σa. We also require LZaF = 0.
4. Let the domain of outer communication 〈〈J( Σ〉〉 be defined by (1.14). We
shall require that
D(Σ) ⊂ 〈〈J( Σ〉〉 . (2.2)
In other words, Σ and its domain of dependence D(Σ) lie entirely outside the
black hole and the white hole regions.
If (M, g,X,Σ) satisfy the condition C1, then every Killing vector defined on
D(Σ) has complete orbits. We can consequently use17 Proposition 2.1 to define
the angular velocities Ωa, and to deduce the existence of a Killing vector Y with
periodic orbits in D(Σ) when at least one of the Ωa’s is nonzero. We have the
following preliminary result:
Proposition 2.3 Let (M, g,X,Σ) satisfy the condition C1. Then
15The hypothesis of simple connectedness of Σ is used in the Theorems below to ensure the
existence of a global gauge in which (2.3) holds. This hypothesis is therefore unnecessary in
vacuum, or in situations in which one knows a priori (e.g., by assumption, as in [70, 71]) that
a global gauge satisfying (2.3) exists.
16The non–vanishing of the αi’s for a non–trivial Killing vector field X is a well known
consequence of the Kiling equations.
17Strictly speaking, Proposition 2.1 has been formulated in a way which assumes the exis-
tence of Killing vectors defined globally on M . It can, however, be seen that its assertions
hold true in situations under consideration.
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1. There exists in M an asymptotically flat maximal hypersurface with
boundary Σ˜, diffeomorphic to Σ, such that18
∂Σ˜ = ∂Σ, D(Σ˜) = D(Σ) .
2. X is transverse to Σ˜; in particular all the αi’s have the same sign and
the gauge condition19
LXAµ = 0 (2.3)
can be introduced20, with the (perhaps locally defined) potentials Aµ satisfying
the fall–off conditions (1.12), and being continuous up–to–boundary on Σ.
3. If X |∂Σ 6= 0, then the canonical angular momentum Ji = Ji[Y, Σ˜] of each
of the asymptotic three–ends Σ˜i is well–defined and finite. Here Y is defined by
Proposition 2.1.
Proof: Point 1 together with transversality of X to Σ˜ has been proved in [32].
The existence of the (perhaps local) gauge (2.3) follows from the fact that X
is transverse to Σ˜. Note, however, that because X is tangent to ∂Σ the gauge
(2.3) could become singular at ∂Σ. This is not the case, and can be seen as
follows: Near a connected component of ∂Σ one can introduce “Rindler–type”
coordinates adopted to the action of the group of isometries generated by X , as
in the proof of Lemma 4.1 of [32]. In these coordinates one can write a fairly
explicity formula for a function λ such that Aµ + ∂µλ satisfies (2.3), and the
uniform boundedness of the gauge potential in the new gauge readily follows.
To prove point 3, recall that the canonical angular momentum consists of two
parts (cf. e.g. [24] or [70]), one being the standard ADM angular momentum
and the second coming from the electro–magnetic field. To take care of the
ADM part, note that by Proposition 1.9 in an appropriate coordinate system
the fields satisfy the fall–off conditions (1.12). Moreover uniqueness results for
maximal surfaces show that Y must be tangent to ∂Σ, which implies that
LXγ = LXK = 0 . (2.4)
[Here γ and K are the induced metric and the extrinsic curvature of Σ˜.] The
correctness of definition of the ADM angular momentum follows from (2.4) and
from [25]. To take care of the electro–magnetic contribution to Ji, let φt[Y ] be
the one parameter group of diffeomorphisms generated by Y . By assumption the
(perhaps duality rotated) gauge bundle is trivial on each asymptotic end Σ˜i, and
we can choose ∂Σi to be invariant under φt[Y ]. Let A¯ be any gauge–potential
18Actually D(Σ) can be foliated by such surfaces, we shall, however, not need this result.
19We do not assume here that the U(1) bundle associated to the electro–magnetic field is
trivial. Eq. (2.3) should be viewed as a condition how to propagate some local trivialization
of the gauge bundle on Σ˜ to a neighbourhood of Σ˜. When the gauge bundle is trivial, then
(2.3) can be imposed globally because of the assumed simple–connectedness of Σ.
20 Here the Lie derivative of A is defined formally as that of a vector field.
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satisfying (2.3) and the fall–off conditions (1.12), define
A =
1
2π
∫ 2π
0
φt[Y ]
∗A¯dt . (2.5)
We have
dA =
1
2π
∫ 2π
0
d{φt[Y ]
∗A¯} dt =
1
2π
∫ 2π
0
φt[Y ]
∗dA¯ dt
=
1
2π
∫ 2π
0
φt[Y ]
∗F dt = F ,
so that A is indeed a potential for F . Moreover we clearly have
LY A = 0, LXA = 0 ,
the latter equation holding because X and Y commute. The finiteness of the
electromagnetic contribution to the canonical angular momentum follows now
from eq. (27) of [71]. 2
Theorem 2.4 Let (M, g,X,Σ) satisfy the condition C1. Assume moreover that
the U(1) bundle associated to the electromagnetic field can be trivialized by per-
forming a duality rotation and that
Ω1 = . . . = ΩI = Ω . (2.6)
Here I is the number of connected components of ∂Σ and the Ωa’s are their
angular velocities, as defined by Proposition 2.1. Then:
1. We necessarily have
Ω(J1 + · · ·+ JK) ≥ 0 , (2.7)
where K is the number of asymptotic ends of Σ, and the Ji’s are the canonical
angular momenta as defined in Proposition 2.3.
2. If the equality in (2.7) is attained, then I = K = 1 and 〈〈J( Σ〉〉 is isometri-
cally diffeomorphic to a connected component of the domain of outer dependence
of a (perhaps electrically and magnetically charged) Reissner–Nordstro¨m black
hole.
Proof: Proposition 2.3 shows that the arguments of [70] or [71] apply. [The
generalization of those arguments to the case in which several asymptotic ends
are present, and in which ∂Σ has several connected components but (2.6) holds,
presents no difficulties.] In particular when (2.7) is actually an equality the
staticity and the vanishing of the electromagnetic field follow from [70, 71].
Point 2 follows then from Ruback’s uniqueness theorem [67]. 2
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It would be of interest to remove the condition (2.6) above, the hypothesis
of simple connectedness of Σ, as well as the condition of triviality21 of the U(1)
bundle associated to the electro–magnetic field.
2.3 A uniqueness Theorem for space–times without black
holes
A well known theorem of Lichnerowicz [53] asserts that a strictly stationary
vacuum space–time with a hypersurface satisfying the conditions of Definition
1.5 and with one asymptotically flat three–end is necessarily flat. Here strictly
stationary is defined as the requirement that the Killing vector X approaches
asymptotically the unit normal to Σ and is timelike everywhere. In this Sec-
tion we shall present an extension of this Theorem to the case where 1) many
asymptotically flat ends are potentially allowed, 2) the Killing vector is not a
priori assumed to be timelike everywhere, and 3) a potentially non–vanishing
electro–magnetic field is allowed. The proofs are mainly based on the results
of Sudarsky and Wald, and run very much in parallel with those of the pre-
vious Section. The results in this Section are actually rather more elegant, as
one avoids all the technicalities related to the bifurcation surfaces previously
needed. Let us again start with a Definition:
Definition 2.5 (Condition C2) A quadruple (M, g,X,Σ) will be said to sat-
isfy the condition C2 if (M, g) is a maximal globally hyperbolic electro–vacuum
space–time with electromagnetic field F and if moreover the following conditions
are satisfied:
1. Σ is a simply connected15 spacelike hypersurface in M satisfying the
requirements of Definition 1.5.
2. X is a Killing defined on D(Σ) such that LXF = 0. Moreover there exist
constants αi ∈ IR such that on every asymptotic three–end Σi of Σ we have
(after performing a Lorentz “boost” of Σi if necessary)
X
∣∣∣
Σi
→r→∞ αin , (2.8)
where n is the unit future directed normal to Σ. We shall normalize16 the αi’s
so that α1 = 1.
3. Let the domain of outer communication 〈〈J( Σ〉〉 be defined by (1.14). We
shall require that
D(Σ) ⊂ 〈〈J( Σ〉〉 . (2.9)
In other words, there is no black hole or white hole in D(Σ).
21It appears that the hamiltonian formalism used in [70] assumes at the outset the trivialiaty
of the gauge bundle. This formalism can, however, be replaced by e.g. that of [50], where no
such restriction is needed.
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From [32] one has, in parallel to Proposition 2.3, the following (the existence
of the potentials Vi below follows from (1.12) and from [70]):
Proposition 2.6 Let (M, g,X,Σ) satisfy the condition C2. Then
1. M can be foliated by a family of asymptotically flat maximal hypersurface
(without boundary) Σ˜τ , τ ∈ IR, which are Cauchy surfaces for D(Σ).
2. X is transverse to Σ˜; in particular all the αi’s have the same sign and
the gauge condition19
LXAµ = 0 (2.10)
can be introduced.20 In this gauge the limits
Vi ≡ lim
r→∞
A0
∣∣∣
Σi
exist and are angle–independent constants.
The main result of this Section is the following:
Theorem 2.7 Let (M, g,X,Σ) satisfy the condition C2. Assume moreover that
the U(1) bundle associated to the electromagnetic field can be trivialized by per-
forming a duality rotation. Then:
1. The maximal surfaces Στ foliating D(Σ) (cf. Proposition 2.6, Point 1)
have vanishing extrinsic curvature, and the pull-back of the electromagnetic field
two–form F to each Στ vanishes.
2. If moreover
K∑
i=1
αiViQi = 0 , (2.11)
then (M, g) is the Minkowski space–time. Here K is the number of asymptotic
three–ends of Σ, Vi is the electrostatic potential of the i’th end Σ˜i as defined in
Proposition 2.6, Point 2, Qi its total charge, and the αi’s are the constants of
Definition 2.5.
Remark: (2.11) necessarily holds when we have
α1V1 = . . . = αKVK .
Indeed, under the conditions of Definition 2.5 the total charge
∑
iQi necessarily
vanishes, and (2.11) follows.
Proof: Proposition 2.6 allows one to apply the results of [70, 71], so that
point 1 immediately follows. (2.10) and eq. (41) of [71] (appropriately general-
ized to the case of a finite number of asymptotic ends) show that F ≡ 0, so that
(D(Σ), g) is vacuum. As shown in [9] (cf. also [4]) in each of the asymptotic ends
the Komar integral of the Killing vector X is equal to αimi, where mi is the
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ADM mass of the i’th end. In vacuum the divergence of the Komar integrand
vanishes, so that we obtain
K∑
i=1
αimi = 0 .
By Proposition 2.6, point 2, all the αis have the same sign, and the result follows
from the positive energy theorem. 2
It would be desirable to remove condition (2.11) above, the hypothesis of
simple connectedness of Σ, as well as the hypothesis of the triviality of the U(1)
bundle associated to the electromagnetic field.
3 Folklore, Conjectures – continued
3.1 Rigidity and analyticity
The results discussed up to now allow one to obtain a reasonably satisfactory
version of Theorem 1.1 for non–rotating black holes, cf. Theorem 2.4 above.
To the list of problems listed in Section 1 we wish to add some further prob-
lems which arise when considering the rotating black holes. The key results
concerning those are
1. Hawking’s rigidity Theorem, and
2. the Carter–Bunting–Mazur uniqueness Theorem.
Recall that Hawking [45] has proved that the isometry group of an analytic,
electro–vacuum, stationary, non–static, asymptotically flat space–time with a
complete Killing vector X and which contains a black–hole must be at least
two–dimensional (cf. [45] for a precise description of the notions used). It has
already been pointed out by Carter [21] that the hypothesis of analyticity here
is rather unsatisfactory: Indeed, it is well known that in regions where a Killing
vector is timelike the metric must be analytic (in appropriate coordinates) [62].
However, this needs not to be true in those regions in which the Killing vector
becomes null or spacelike. As the Killing vector cannot be timelike on the
black–hole boundary, the hypothesis that the metric be analytic up–to–and–
including the even horizon made in [45] has no justification. [Even in space–
times without ergoregions, in which the “stationary” Killing vector becomes
null at the event horizon, the metric needs not to be analytic up to the horizon.
A simple example illustrating the fact, that an analytic function needs not to
be analytic up to boundary is the following: Let g be any smooth real valued
function defined on ∂B(1), where B(1) denotes the closed unit disc in IR2, and
suppose that g is not real analytic. Let f : B(1) → IR be a solution fo the
equation {(∂/∂x)2+ (∂/∂y)2}f = 0 such that f |∂B(1) = g. f is real analytic on
intB(1) and clearly does not extend to an analytic function on B(1).] Perhaps
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the most important open problem in the uniqueness theory of black holes is
therefore the following:
Problem 3.1 Prove Hawking’s rigidity Theorem without assuming analyticity
of (M, g), or construct a counterexample.
3.2 Isometry groups in asymptotically flat space–times
Whatever the status of Hawking’s rigidity for non–analytic space–times, it is
of interest to classify those stationary asymptotically flat space–times which
have more than one Killing vector. Here, basing on what has been said above,
one expects that the solutions will be either flat, or spherically symmetric, or
axisymmetric. In other words, if there exists a Killing vectorX which is timelike
in the asymptotically flat ends, then there will be at least one more Killing vector
field Y which
1. has an axis of symmetry (i.e., the set {p : Y (p) = 0} is non–empty), and
2. the orbits of which are periodic.
A Killing vector satisfying the above will be called an axial Killing vector. We
believe that the following should be true:
Conjecture 3.2 Let (M, g) be a maximal globally hyperbolic electro–vacuum
space–time with an asymptotically flat spacelike surface Σ satisfying the require-
ments of Definition 1.5 or 1.6, and with a Killing vector X which is timelike in
the asymptotically flat three–ends of Σ. Let G0 be the connected component of
the identity of the group of all isometries of (D(Σ), g|D(Σ)). Then
1. G0 = IR× SO(2), with axial generator of the SO(2) factor, or
2. G0 = IR× SO(3), with two–dimensional spheres as principal orbits of the
SO(3) factor, or
3. G0 is the connected component of the identity of the Poincare´ group.
[Here the IR action is that by time translations].
In other words, if Y 6= X is a Killing vector field on M which is not axial ,
then the Killing Lie algebra of (M, g) is that of the Poincare´ group. Some results
concerning this question can be found in [6] (cf. also [5]) under, however, some
supplementary conditions.
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3.3 Topology of black holes
To continue with our long list of problems in the uniqueness theory of black
holes, recall that the key to the Carter–Bunting–Mazur uniqueness theorem
for axisymmetric black holes is Carter’s reduction of the problem to a two–
dimensional harmonic map boundary value problem [18, 19]. In that construc-
tion one assumes that (M, g) is asymptotically flat in the conformal sense, and
that on M there exist two Killing vector fields, X , which approaches ∂/∂t in
asymptotically Minkowskian coordinates (t, ~x) as r → ∞, and Y , which is an
axial Killing vector.22 One moreover assumes that the boundary of the black
hole is connected and has spherical topology. Under these assumptions Carter
reduces the field equations to a two–dimensional harmonic–map problem with
appropriate boundary conditions [19], which has subsequently been shown to
have unique solutions [59, 16, 20, 60]. In this context the establishing of the
validity of Conjecture 3.2 would be rather useful, reducing the general ques-
tion of classification of stationary asymptotically flat space–times with more
then one Killing vector field to that of axisymmetric black–holes considered by
Carter. Further improvements of the uniqueness theory of axisymmetric black
holes should include
1. a justification of the black–hole–connectedness condition, and
2. a justification of the spherical topology condition.
Recall that a well–known claim of Hawking [45] asserts that a connected com-
ponent of a black hole boundary must necessarily have spherical topology. The
arguments used in [45] suffer from two problems:
1. As has been emphasized by G. Galloway [37], the claim in [45] that a
black hole boundary cannot have toroidal topology does not seem to be
sufficiently justified.23 Moreover
2. for degenerate black–holes one should justify the degree of differentiability
of the black–hole boundary used in the proof.
The new argument of [37] eliminates the toroidal black holes at the price, how-
ever, of introducing 1) a condition on null geodesics in (M, g) and 2) a “well–
formedness” condition on the event horizon, cf. [37] for details. It would be
of interest to perhaps justify24 those assumption for electro–vacuum stationary
space–times.
22Let us mention that for spherical bifurcation surfaces the discussion of Section 2.1 guaran-
tees the existence of an axial Killing vector field in space–time, so that under the hypotheses
of Proposition 2.1 the Carter reduction process can be applied.
23It seems that the arguments of [44] and [45] can be used to eliminate toroidal black holes
when analyticity of the metric is assumed.
24cf. e.g. [32][Proposition 3.5] for a result on the “well–formedness” condition.
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4 Conclusions
In this review we have attempted to present an exhaustive list of open problems
of the theory of uniqueness of black holes. A possible approach to a more
satisfactory theory is as follows: The establishing of Conjectures 1.2 and 1.8
would
1. lead to a considerably improved version of Theorem 2.4. Moreover
2. Proposition 2.1 together with some perhaps improved version of the topology–
of–black–holes–theorem would lead to a complete classification of station-
ary space–times with two or more Killing vectors.
We believe that the establishing of Conjecture 1.8, and perhaps also of Con-
jecture 3.2, should be a not–too–difficult Corollary of the positive energy theo-
rems. A proof of Conjecture 1.2 would considerably improve our knowledge of
the structure of stationary asymptotically flat space–times. Finally, a solution
to Problem 3.1 would be major progress in mathematical general relativity.
A Obstructions to smooothness of Scri for a class
of stationary asymptotically Minkowskian space–
times.
Let M = IR4 \ {IR × B(R)}, where B(R) ⊂ IR3 is a closed coordinate ball of
radius R, and let gµν be a metric on M satisfying
gµν − ηµν −
hµν(
xi
r
)
r
= O(r−1−ǫ) , (A.1)
∂i1 . . . ∂ik
{
gµν − ηµν −
hµν(
xi
r
)
r
}
= O(r−1−k−ǫ) , (A.2)
with some k ≥ 1, some functions hµν ∈ Ck(IR3), and some 0 < ǫ ≤ 1. Define
Y µ±∂µ = ∂t ±
xi
r
∂i ,
and set
Cµ±(
xi
r
) = limr→∞ r
2ΓµνρY
ν
±Y
ρ
± ,
cµ± =
1
4π
∫
S2
Cµ± d
2S ,
e± =
1
4π
∫
S2
∑
i
xi
r
Ci± d
2S ,
Dµ± = C
µ
± − c
µ
± − e±Y
µ
± .
Here Γµνρ are the Christoffel symbols of gµν , and d
2S = sin θ dθ dϕ. We have the
following:
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Proposition A.1 The Dµ±’s are geometric invariants.
Proof: Consider two coordinate systems {xµ}, {yµ} in which (A.1)–(A.2) hold,
let us denote by Cµ±,{xα}, respectively C
µ
±,{yα}, the quantitites C
µ
± calculated
in the coordinate system {xµ}, respectively {yµ}; similarly for Dµ±,{yα}, etc.
Now it follows25 from the results in [26, 27] that there exists a Lorentz matrix
Λµν , a constant vector A
µ, and functions Bµ ∈ Ck+1(IR3) such that
yµ − Λµνxν −Aµ log r −Bµ(
xi
r
) = O(r−ǫ) , (A.3)
∂σ1 . . . ∂σk+1
{
yµ − Λµνx
ν −Aµ log r −Bµ(x
i
r
)
}
= O(r−ǫ−k−1) .
Suppose first that ∂
∂x0
= ∂
∂y0
, hence ∂y
µ
∂x0
= δµ0 . It follows that Λ
µ
ν is a rotation
matrix, and performing the inverse rotation if necessary we may without loss of
generality assume that Λµν = δ
µ
ν . A calculation shows that
Cµ±,{yα} − C
µ
±,{xα} = − lim
r→∞
r2
∂2yµ
∂r2
= Aµ ,
and for ∂
∂x0
= ∂
∂y0
the result follows.
Suppose, finally, that ∂
∂x0
6= ∂
∂y0
. By (A.3) there exists a constant α such
that α ∂
∂x0
− ∂
∂y0
is an asymptotically spacelike Killing vector. It then easily
follows from (A.1)–(A.2) that gµν must be flat. Going to coordinates xˆ
µ where
the metric is explicitly flat we clearly have Cµ±,{xˆα} = 0, and D
µ
±,{xα} =
Dµ±,{yα} = 0 follows from the calculation above. 2
Recall now that in [13] the existence of a system of coordinates (uˆ, rˆ, θˆ, ϕˆ)
has been postulated such that, if we set
tˆ = uˆ+ rˆ ,
and if we define the Cartesian coordinates xˆi in terms of the spherical coordi-
nates (rˆ, θˆ, ϕˆ) in the standard way, then
1. the metric in the coordinates xˆµ satisfies (A.1)–(A.2), and
2. the curves {xµ(s)} = {(s, sxˆi/r)} are null geodesics.
Coordinates satisfying the above will be called retarded Bondi coordinates. The
advanced Bondi coordinates are defined by reversing the time–orientation above.
As discussed after the proof of Proposition 1.9, such coordinates can be
constructed whenever a conformal completion in lightlike directions satisfying
appropriate requirements exists. Conversely, existence of Bondi coordinates
implies that of conformal completions, cf. e.g. [64].
The main result of this Appendix is the following:
25Due to the existence of a Killing vector the arguments of [26, 27] can be considerably
simplified, cf. the remark after Corollary 1 in [26].
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Theorem A.2 Consider a metric on M = IR4 \ {IR×B(R)} satisfying (A.1)–
(A.2) with k ≥ 2.
1. Retarded Bondi coordinates exist if and only if
Dµ+ = 0 . (A.4)
2. Advanced Bondi coordinates exist if and only if
Dµ− = 0 . (A.5)
Remarks: 1. Proposition 1.9 implies that (A.4)–(A.5) hold for electro–
vacuum stationary space–times.
2. It is worthwile mentioning that (A.4)–(A.5) provide a rather effective
criterion. Consider, for example, a metric of the form
gµν = −(1−
2m(θ, ϕ)
r
)dt2+(1−
2m˜(θ, ϕ)
r
)−1dr2+ r2(dθ2+sin2 θ dϕ2) , (A.6)
with some twice differentiable functions m(θ, ϕ) and m˜(θ, φ). One easily finds
that the metric (A.6) admits Bondi coordinates only if m and m˜ are constants,
with m = m˜.
3. If gµν admits a full expansion in terms of inverse powers of r for large r
and if (A.4) holds, then the transformed metric in the Bondi coordinates will
also admit a full expansion.
4. If (A.4)–(A.5) do not hold, one can construct “Bondi–type” coordinates
in which the metric has r−1 ln r terms. If gµν admits a full expansion in terms
of inverse powers of r for large r but (A.4) does not hold, or if the metric
admits an asymptotic expansion in terms of functions r−j lni r, then the trans-
formed metric in the “Bondi–type” coordinates will have an expansion in terms
of r−j lni r.
5. This result can essentially be found in [54]; the conclusions there are
somewhat less definitive due to the dynamical character of the metrics consid-
ered.
Proof: We shall only prove point 1, point 2 follows by reversing time–
orientation. We claim that (A.4) is necessary. Indeed, in Bondi coordinates the
curves {xµ(s)} = {(s, sxˆi/rˆ)} are null geodesics so that we have
D2xµ
ds2
= Γµνρ
dxν
ds
dxρ
ds
∼
dxµ
ds
= Y µ+ . (A.7)
(A.7) shows that (A.4) holds in Bondi’s coordinates, hence in any coordinate
system by Proposition A.1. The sufficiency of (A.4) can be proved by construct-
ing explicitly the appropriate family of null geodesics. One shows that if (A.4)
holds, then the transformation leading to Bondi coordinates contains log r terms
only in the form (A.3); no details will be given. 2
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B Majumdar–Papapetrou space–times with an
infinite number of black holes
In this Appendix we shall briefly discuss a class of Majumdar–Papapetrou space–
times with an infinite number of black holes considered by L. Ve´ron26. Let
{~ai}∞i=1 be an arbitrary sequence of pairwise distinct vectors in IR
3, and let mi
be an arbitrary sequence of non–negative numbers satisfying
m ≡
∞∑
i=1
mi <∞ . (B.1)
Consider the manifold M = IR× (IR3 \ {~ai}) with a metric of the form
ds2 = −U−2dt2 + U2(dx2 + dy2 + dz2) , (B.2)
U = 1 +
∑∞
i=1
mi
|~x−~ai|
. (B.3)
It is easily seen, using e.g. the Harnack principle and (B.1), that U is a well
defined smooth function on IR3 \ {~ai} satisfying
∆U = 0 . (B.4)
As has been shown in [55, 63], the metric (B.2) solves the electro–vacuum Ein-
stein equations if we set
Aµdx
µ = U−1dt . (B.5)
Let us moreover assume that there exists R > 0 such that {~ai}∞i=1 is included
in a ball of radius R. By definition of U and by known properties of solutions
of the Laplace equation it can be seen that we have
U − 1−
m
r
= O(r−2) ,
withm defined in (B.1), and with appropriately faster decay of all the derivatives
of U − 1 − m
r
. It follows that M contains an asymptotically flat four–end M1
in the sense of Section 1.3. The arguments of Section II of [43] show that
every “point” ~x = ~ai such that ~ai is not an accumulation point of {~ai}∞i=1
corresponds to a connected component of the boundary of a black–hole when
the space–time is suitably analytically extended, with a degenerate event horizon
which has spacelike cross–sections of area 4πm2i . Thus, if there is an infinite
number of non–vanishing coefficients mi (which we shall henceforth assume),
then the resulting maximally analytically extended space–time contains a black
hole region (with respect to the asymptotic end M1) with an infinite number of
connected components. Let us, however, note the following:
26L. Ve´ron, private communication.
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1. The metric (B.2) is “nakedly singular”, which can be seen as follows: By
well known properties of solutions of Laplace equation for any point ~ai
which is not an accumulation point of {~ai}
∞
i=1 we have
lim
~x→~ai
FµνF
µν = lim
~x→~ai
|gradU |2
U4
=
1
m2i
,
and since mi → 0 as i tends to infinity the scalar FµνFµν is unbounded on
any hypersurface t = const. It is then easily seen that one can construct
a causal curve which reaches future null infinity and on which FµνF
µν is
unbounded.
2. We believe that the partial Cauchy surfaces Στ ≡ {t = τ} are not complete
with respect to the induced metric in general. One can, however, find
solutions with an infinite number of black holes for which the Στ ’s will be
complete. This is e.g. the case when the sequence {~ai}∞i=1 has a1 as the
only accumulation point.
It has been suggested [43][Section III] that the only Majumdar–Papapetrou
space–times without naked singularities 27 in J+(Σ), where Σ is the hypersurface
{t = 0}, are those with a U of the form (B.3), with only a finite number of non–
vanishing mi’s. It would be of some interest to prove such a result.
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